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PERMUTABLE ENTIRE FUNCTIONS AND MULTIPLY 
CONNECTED WANDERING DOMAINS 

ANNA MIRIAM BENINI, PHILIP J. RIPPON, AND GWYNETH M. STALLARD 


Abstract. Let / and g be permutable transcendental entire functions. We 
use a recent analysis of the dynamical behaviour in multiply connected wan¬ 
dering domains to make progress on the long standing conjecture that the 
Julia sets of / and g are equal; in particular, we show that </(/) = J(g) pro¬ 
vided that neither / nor g has a simply connected wandering domain in the 
fast escaping set. 


1. Introduction 


Let / be a rational map or a transcendental entire function. The Fatou set F(f) 
is defined as the set of points in a neighborhood of which the family of iterates 
of / forms a normal family, while the Julia set is its complement and can be 
characterized (see [ Ba2| f as the closure of the repelling periodic points of /. 
Connected components of the Fatou set, known as Fatou components , are either 
periodic, preperiodic or wandering. Wandering components of the Fatou set are 
called wandering domains , and do not occur for rational functions [Su ]. For both 
transcendental entire functions and rational functions, periodic and preperiodic 
components can be completely classified according to the dynamics within them 
(see |Mij. |Belj ). 

Two holomorphic functions / and g are said to be permutable or commuting if 
they satisfy the equation 


( 1 . 1 ) 


f °g = g° /• 


It is natural to ask whether two functions satisfying the relation (1.1) have the 
same dynamical behaviour and, in particular, whether they have the same Julia 
set and, equivalently, the same Fatou set. 

It was shown over 90 years ago by both Fatou psa and Julia [Juj that if two 
rational functions commute, then they have the same Julia set. Under some 
conditions the opposite implication is true; that is, in some cases, J(f ) = J(g) 
implies that / ° g = g ° /• Another fascinating result is that, for rational func¬ 
tions, classes of commuting functions can be completely characterized (see pm 
[Er2j respectively for a topological-algebraic and a dynamical approach to the 
classification of classes of commuting functions). 

For transcendental entire functions, the question of characterizing classes of com¬ 
muting functions seems currently out of reach, though Baker [Bal . Theorem 1] 
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showed that if / is a transcendental entire function, then the set of entire func¬ 
tions that commute with / is at most countable. However, the conjecture that 
commuting implies having the same Julia set, although not solved yet, has seen 
significant progress. 

For rational functions the strategy used by Julia |Ju[ page 143] to prove that 
J(f) = J(g ) whenever / ° g = g ° / was to note that if a is a repelling periodic 
point of /, then the sequence ( g n (a )) consists of repelling periodic points of / 
and must (since / is rational) include a periodic point of g, which is shown to 
be repelling. So a G J(g) and hence J(f) C J(g), by the density of repelling 
periodic points in the Julia set. Thus J(f) = J(g), since the roles of / and g 
can be interchanged. 

Fatou’s proof of this fact [ Fal. page 365] involved showing that g(F(f)) C F(f) 
or, equivalently, that g~ 1 (J(f)) C J(/); this implies that the iterates ( g n ) form 
a normal family in F(f), by Montel’s theorem, so F(f) C F(g) and hence 
J(g)cJ(f). 

Fatou’s appproach appears more promising than Julia’s when / and g are tran¬ 
scendental entire functions. However, a difficulty of proving that g(F(f)) C F(f) 
in the transcendental case arises from the possible presence of Fatou components 
in which the iterates of / tend to the essential singularity at oo; such components 
can be Baker domains (that is, periodic Fatou components in which the iterates 
tend to oo) or wandering domains in which the iterates tend to oo. Indeed, the 
following result was given by Baker. 

Theorem 1.1 ( [Ba5] . Lemma 4.3(i)). If f and g are permutable transcendental 
entire functions and in each component of F(f) the sequence ( f n ) has at least 
one convergent subsequence with a finite limit function, then g(F(f)) C F(f). 

It was shown in [ EL ] that any transcendental entire function with a bounded set 
of singular values cannot have Fatou components in which the iterates tend to 
infinity. Thus it follows from Theorem |l.l| that in this class (called the Eremenko- 
Lyubich class ) permutable functions always have the same Julia set. 

Langley [La ] showed that if / and g are permutable functions of finite order with 
no wandering domains, then J(f) = J{g)- At about the same time, Bergweiler 
and Hinkkanen HH| introduced the so-called fast escaping set A(f) (see Section 
[2] for a precise definition) and used it to prove a result that includes the following. 

Theorem 1.2 ( |BHj . Theorem 2). If f and g are permutable transcendental 
entire functions such that A(f) C J(f) and A(g) C J{g), then J(f) = J(g). In 
particular, this holds if f and g have no wandering domains. 


It was shown in [BH] that any Fatou component in A(f) is a wandering domain, 
so in particular a Baker domain is never in the fast escaping set, and in |RS21 
Theorem 1.2] that if a Fatou component meets A(f), then it is contained in A(f). 


The proof of Theorem 1.2 shows that if / and g are permutable transcendental 
entire functions and U is a Fatou component of / that is not in A(f), then 
g(U) C F(f ); see Proposition 3.2 for the details of this argument. Therefore, in 
order to show that J(f) = J(g) whenever / and g commute, the only thing left 
to prove is that if / has a fast escaping Fatou component U, then its image g(U) 
is contained in the Fatou set of /. 
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Fast escaping wandering domains can be either simply connected or multiply 
connected. Multiply connected wandering domains were first constructed by 
Baker |Ba4] and they are always fast escaping (see E5H), whereas most known 
simply connected wandering domains are not fast escaping. Indeed, the only 
known examples of functions with simply connected fast escaping wandering 
domains were given by Bergweiler [Be2] and Sixsmith EH It is an open problem, 
mentioned in [RS2j . whether simply connected wandering domains in A(f) can 
be unbounded. 


A detailed analysis of the dynamics in multiply connected wandering domains 
was recently given in ||BRS] , and is described in Section [2j This analysis and the 
arguments from [ BH j will be our main tools in proving the following result. 


Theorem 1.3. Let f and g be permutable transcendental entire functions such 
that f and g have no simply connected fast escaping wandering domains. Then 
= )■ 


In Section 3 we state and prove a more precise result than Theorem L3 and give 
an intriguing corollary of it. 


Acknowledgments. The first author is grateful to Filippo Bracci for first in¬ 
troducing her to the problem of commuting functions. 


2. Background on multiply connected wandering domains 


From now on we let / denote a transcendental entire function and let U denote 
a multiply connected wandering domain of /, with forward iterates U n = f n (U ), 
n € FT. Baker showed that multiply connected wandering domains have the 
following properties. 

Theorem 2.1 ( [Ba3j and |Ba5] . Theorem 3.2). If U is a multiply connected 
wandering domain, then 

(1) each U n is bounded and multiply connected; 

(2) for all sufficiently large n, U n lies in a bounded component ofC\ U n+ 

(3) dist(U n , 0) —>■ oo as n —> oo. 


Let M(r, /) denote the maximum modulus of /; that is, 

M(r,f) := max \f(z)\. 

I z=r\ 


Since / is a transcendental entire function, we have 
( 2 . 1 ) 


log M(r,f) 

Inn - : - = oo. 


logr 

It was shown in |RS1] that any multiply connected wandering domain is contained 
in the fast escaping set A(f), defined as follows (see [BH] ): 

A(f) :={ze C : there exists L e N with \f n (z)\ > M(R , f n ~ L ) for n > L}. 


It was pointed out in [BHj that the fast escaping set of a transcendental entire 
function is always non-empty, and that this follows from the construction of an 
escaping point by Eremenko [ Erl] . For more on the fast escaping set, including 
a detailed proof that it is non-empty, see [RS2]. 
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We use several results from IBRS j concerning multiply connected wandering do¬ 
mains. Here we use the following notation for an annulus: 

A(r, R) = {z G C : r < \z\ < R}, 0 < r < R. 

Theorem 2.2 ( |BRSj . Theorem 1.2). Let f be a transcendental entire function 
with a multiply connected wandering domain U. For each zq eU and each open 
set V C U containing Zq, there exists a > 0 such that, for sufficiently large 
n G N, 

U n D f n (V) D A(r n 1 ~ a ,r n 1+a ) =: A n , 

where r n := \f n (z 0 )\. 


By Theorem 2.2, for any z 0 G U, there exists a > 0 such that, for sufficiently 
large n, the maximal round annulus centered at 0, contained in U n , and contain¬ 
ing f n (z 0 ), is of the form B n = H(r“ n , with 0 < a n < 1 — a < 1+a < b n < oo, 


where r n = \f n (zo)\. The union of these annuli B n 
the dynamics of / on U, in the following sense. 


forms an absorbing set for 


Theorem 2.3 ( |BRS| , Theorem 1.3). Let f be a transcendental entire function 
with a multiply connected wandering domain U and let z^ G U. Then, for each 
compact subset K of U, there exists N G N such that 


(2.2) f n (K) C B n := A{r%, r*") C U n , for n > N , 


where r n = \f n (zo)\ and 0 < a n < 1 — a<l + a<b n < oo, with a as in 
Theorem \2.2l 


We also use a special case of the following result. 

Lemma 2.4 i iBKSl . Lemma 4.3 part (a)). Let f be a transcendental entire 
function with a multiply connected wandering domain U. Let zq G U and, for 
n G N, let S n = 1 / \/log r n with r n = \f n (zo)\. Then there exists N G N such 
that, if we have 

(2.3) [/„DA(rJ- 2ri ",ri +w "), 
for some n > N, then 

(2.4) r n+m > M(r n , f m f~ 5n , for m G N. 


Since 8 n —> 0 as n —> oo, by Theorem 2.1 


sufficiently large n, by Theorem 2.2 


the hypothesis ( 2.3[ ) holds for all 
Therefore, since M(r n ,/ m ) > 1, for all 


m G N and sufficiently large n, we have the following corollary of Lemma 2.4 


Corollary 2.5. Let f be a transcendental entire function with a multiply con¬ 
nected wandering domain U, let z 0 G U and let r n = |/ n (^ 0 )| for n G N. Then, 
for all sufficiently large n, we have 


(2.5) 


r„+m > M( r„, f m ) 1/2 , for m € N. 
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3. Proof of Theorem 11.31 


Theorem 1.3 is an immediate consequence of the following more precise result. 
For any transcendental entire function / we denote by F*(f) the union of those 
components of F(f) that are not simply connected fast escaping wandering do¬ 


mains. 


Theorem 3.1 (Closely related Fatou sets). Let f and g be permutable transcen¬ 
dental entire functions. Then 

F*(f) C F(g) and F*(g) C F(f). 


Under the hypotheses of Theorem |1. 3 we have F*(f ) = F(f) and F*(g) = F(g ), 
so we deduce from Theorem 3.1 that F(f) = F(g), as required. 

The idea of the proof of Theorem 3T is to show that, if / and g commute 
and U is any Fatou component of / other than a simply connected fast escaping 
component, then g(U) C F*(f). There are two cases to consider, the first being 
a version of Theorem 11.21 


Proposition 3.2 (Not fast escaping). Let f and g be permutable transcendental 
entire functions and let U be a Fatou component of f that is not fast escaping. 
Then g(U) C V, where V is a Fatou component of f that is not fast escaping. 


Proof. Suppose for a contradiction that z G U but g(z) G J(/). In [BH ', Lemma 3 
and Theorem 5] it was shown that for any transcendental entire function / we 
have 


(3-1) J(f) c A(f), 

and that for permutable transcendental entire functions / and g we have 

(3.2) 


S~\A(S)) C A(f). 


By (3.1), there exists a point z' in U such that g{z') € A (/). By (3.2), however, 
we deduce that z' G A(f), which is a contradiction. Hence g(z) G F(f). Also 
g(z) is not fast escaping, by (3.2), as required. □ 


Our key new contribution to the commuting problem for transcendental entire 
functions is the following proposition. 

Proposition 3.3 (Multiply connected wandering domains). Let f and g be per¬ 
mutable transcendental entire functions and let U be a multiply connected wan¬ 
dering domain of f. Then g{U) C V, where V is a multiply connected wandering 
domain of f. 


Theorem 3.1 follows immediately from Propositions 3.2 and 3.3, since together 
they imply that g(F*(f)) C F*(f), so F*(f) C F(g) by Montel’s theorem. 

Remark Baker proved in |Ba5] that if the transcendental entire functions / 


and g commute, then g(J(f ) C </(/). It follows that in both Propositions 3.2 


and 3.3 we can replace the statement that g(U) C V by the stronger statement 
that g(U) = V. 


The following well-known result is needed in the proof of Proposition 3.3 
|Ba5( Lemma 2.2] or Bill). 


see 
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Lemma 3.4 (Blowing up property). Let f be a transcendental entire function 
function and V be a neighborhood of a point ( G J(/). For any compact set K 
not containing an exceptional point of f there exists uk such that f n (V ) D K 
for all n > uk- 


An exceptional point is one whose backward orbit is finite and, by Montel’s 
theorem, a transcendental entire function has at most one exceptional point 
in C. 


We also need the following result about the hyperbolic lengths of closed curves 
in annuli; see BM Section 12.2], for example, for the special case when r — 1/R 
from which Lemma 343 follows by the invariance of hyperbolic length under a 
conformal mapping. 


Lemma 3.5 (Closed curves in annuli). Let 7 be a piecewise smooth closed curve 
in the annulus A = A(r,R), where 0 < r < R, such that ind ( 7 , 0 ) = n 7 ^ 0. 
Then the hyperbolic length £( 7 ) 0/7 in A satisfies 

27T 2 7Z 
log R/r' 

with equality if and only if 7 is a monotonic parametrization of the unit circle 
traversed n times. 



Proof of Proposition \3 .3 Let U be a multiply connected wandering domain of /. 
We begin by showing that g(U) C F(f). Suppose for a contradiction that there 
exists z G U with g(z) G J(/). Since holomorphic maps are open, g(U) is an 
open neighborhood of g(z). So, by Lemma 3.4, there exists a point z 0 G U such 


that f N (g(zo)) G U for some N > 2. Hence there exists a neighborhood V C U 
of Zq with 


(3.3) 


f N (g(v)) c u. 


Let r n := \f n (zo) \ for n G N. By Theorem 2.1 and Theorem 2.2, we have r n -A 00 
as n —>• 00 and the sequence (r n ) is eventually strictly increasing. 


As before, let U n = f n (U ) for n G FT. By Theorem 2.2, applied to V, there exists 
a > 0 and Ah G N such that, for n > W, 

(3.4) U n+N D /”+"( V) D A n+N := A(r£%, r£%). 

Consider the circle C' n +v = {z G C : \z\ = r n+ ]y} and its image under g. By 

(3.4) , the commuting hypothesis and (3.3), applied in this order, we have 


(3.5) 7» = g(C n+N ) c s(A,+«) c 9 (/" +w (r)) = r + "( 9 (r)) c r(u) = u, 


cn+N ( 


Recall that r n+N —» 00 as n —>■ 00 . We claim that, if n is sufficiently large, then 
7 n = g(C n+ ]y) must wind round the origin at least once. In fact, by continuity and 
the fact that 7 n C U n , we have ind ( 7 n , 0) = ind ( 7 ^, () for all ( 7 ^ 0 sufficiently 
small. By Picard’s Theorem, g takes all values with at most one exception 
infinitely often. Hence g takes some small value ( infinitely often and so, by 
the argument principle, ind (y n , () —> 00 as n — » 00 . Thus ind ( 7 ^, 0) —» 00 as 
n —> 00 also, so 7 „ winds round zero at least once for n sufficiently large (see 
Figure 1 ). 
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FIGURE 1. A sketch of the wandering domain U and its images U n +jsr 
and U n . Images of V are shaded in light blue, while C n+ n and 7 n are 
drawn in red. 


Now let be the hyperbolic length of in g(A n+N ) and let £c\ n be the 


hyperbolic length of C n+ n in A n+N . By (3.4) and Lemma 3.5, we have 


7T“ 


~C,n 


ot log r n+N 


Since g : A n+ n —> g(A n+ ]y) is holomorphic, and C g(C n+ N), we deduce by the 
contracting property of the hyperbolic metric that 


(3.6) 


^7,n — £-C,n 


7T 


a log r n+N ' 


Next, by (3.3), we can choose a compact subset K of U containing both zq and 
f N (g(V)). By (3.5), we have 

In C o(A«.jv) c g(r +N (V)) = /”(/"( gIV))) C r(K). 


By Theorem 2.3[ there exist N 2 € N and a n ,b n , for n > N 2 , such that, for 
n > N 2 , 

0 < a n < 1 — a<l + a<b n <00 

and 


(3.7) f\K) C B n := A(r n a \ r n K ) C U n . 


Since 

g{A n+N ) c f n (f N (g(V ))) C f n \K) c B, 


we deduce, by the comparison principle for the hyperbolic metric, that is 
greater than or equal to the hyperbolic length of in B n . Hence, using the fact 
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that 7 n winds at least once around 0, we deduce by Lemma [375] that 

2 tt 2 


v > 

^ 7,71 _ 


2vr 


> 


Hence, by ( |3.6[ ), 

and so 
(3.8) 


(K - a n ) log r T 

27r 2 7T 2 

< 


K log r n 


b n log r n a log r n+N 


log r n +N < 7 -log r r 
2a 


For sufficiently large n, U n+l surrounds U ni by Theorem 2.1 Since 

\z\ =r b n n } C 4 C 


by (3.7), and 


{z G 1 

{z G C . |*| r n - )-i} C Un-\- 1 , 


1 


we have r^ < r n+ 1 . Hence, by (3.8), 

(3.9) log r n+N < 7 -— logr n+1 . 

2a 

By Corollary |2.5 , with m = 1, and the fact that N > 2, we deduce that, for 
sufficiently large n, 


(3.10) 


logr„ +lv > t log M (r/) > bogM(r„ +1 ,/). 


Thus it follows from (3.9) that, for sufficiently large n, 

log M (r n+ 1 , /) < - log r n+ \, 
a 

which contradicts ( 2.1[ ). Hence g(U) C F(f). 

Finally we claim that g{U ) must be contained in a multiply connected wandering 
domain of /. Indeed, if 

g{U) C V, where V is a simply connected Fatou component of /, 
then, for n G N, 

(3.11) g{f n m = f n (g(U )) c r(V) c v n , 

where V n is also a simply connected Fatou component of /; see |RS31 Lemma 4.2], 
for example. 

But we know from Theorem |2.2 that, for sufficiently large n, the set f n (U ) 
contains an open annulus of the form A(R ni 2R n ), where R n —> 00 as n —> 00 . 
For n sufficiently large and r G (R n ,2R n ), the image of the circle {z : \z\ = r} 
under the function g winds at least once round a value close to 0, by Picard’s 
theorem, and contains points of modulus M(r,g ) > r, and also lies in V n , by 

(3.11) . Since V n is a simply connected Fatou component of /, it must meet 
A(R n ,2R n ) and hence f n (U), and this is impossible. 

Therefore g(U) C V, where V is a multiply connected wandering domain of /. 
This completes the proof of Proposition 3.3 □ 


To end the paper we point out an intriguing consequence of Theorem 3.1 
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Corollary 3.6 (Shared wandering domains). Let f and g be permutable tran¬ 
scendental entire functions, and suppose that U is a multiply connected wandering 
domain of f. Then there exists N e N such that, for all n > N, 

f n (U) is a multiply connected wandering domain of both f and g. 

In particular, J(g) ^ C. 


Proof. For each n e FT, we know that f n (U ) is a multiply connected wandering 
domain of /, and also that f n (U ) C V n , where V n is a Fatou component of g, by 
Theorem ED We claim that there must exist N G N such that V n is multiply 
connected for n > N ; for otherwise there is a subsequence (V nj ) of these Fatou 
components that are all simply connected and have the properties that 


o e n u 

j= 1 


and 


IK 

3 = 1 


= C, 


3.1 


by Theorem 2T which is impossible. 

For n > N we have V n C U n where U n is a Fatou component of /, by Theorem 
again. Thus, for n > N, we have U n = f n (U), so f n (U ) = V n is a Fatou 
component of g also. □ 


The conclusion of Corollary 3J3 is that the transcendental entire functions / 
and g have infinitely many Fatou components in common. In this situation it is 
tempting to conjecture that their Julia sets must be identical. 


Note that if we could deduce in Corollary |3.6| that all the preimages of U un¬ 
der / were multiply connected wandering domains of g, then it would follow 
by Lemma 3.4 that J(f) C J(g) and so, by applying a similar argument to 
preimages under g , that J(f) = J(g)- 
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